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Abstract 

A Sylvester-Gallai (SG) configuration is a finite set S of points such 
that the line through any two points in S contains a third point of S. 
According to the Sylvester-Gallai Theorem, an SG configuration in real 
projective space must be collinear. A problem of Serre (1966) asks whether 
an SG configuration in a complex projective space must be coplanar. This 
was proved by Kelly (f 986) using a deep inequality of Hirzebruch. We give 
an elementary proof of this result, and then extend it to show that an SG 
configuration in projective space over the quaternions must be contained 
in a three-dimensional flat. 

1 Introduction 

We denote the fields of real and complex numbers by M and C, respectively, and 
the division ring of quaternions by H. We let P n (D) denote the n-dimensional 
projective space over the division ring D. A finite subset S of P n (B) is a 
Sylvester-Gallai configuration (SG configuration) if for any distinct x,y G S 
there exists z G S such that x, y, z are distinct collinear points. It is a classical 
fact that the nine inflection points of a non-degenerate cubic curve in P 2 (C) 
constitute an SG configuration. These nine points are not collinear. Sylvester 
[T2| asked whether an SG configuration in P 2 (M) must be collinear. Later Erdos 
independently asked this question which was solved by Gallai and others 
[TT] (see |2] for a survey). Since the n-dimensional case trivially follows from 
the two-dimensional case, we formulate this result as follows: 

Theorem 1 (Sylvester-Gallai). Every SG configuration mP n (R.) is collinear. 
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Serre ^U] asked whether an SG configuration in P n (C) must be coplanar 
(i.e., must lie in a two-dimensional flat). This was solved by Kelly |7j using an 
inequality of Hirzebruch jBJ involving the number of incidences of points and 
lines in P 2 (C) . This inequality follows from deep results in algebraic geometry. 

Theorem 2 (Kelly). Every SG configuration in P™(C) is coplanar. 

We show how one of the many proofs of Theorem ^ may be generalized to 
give an elementary proof of the above theorem. 

Of course a similar question may be asked for projective space over the 
quaternions: What is the smallest dimension k such that every SG configuration 
in P n (HI) must lie in a fc-dimensional flat? We show that the elementary proof 
of Theorem |21 also generalizes to this case, giving the following: 

Theorem 3. Every SG configuration inP(H) lies in a three-dimensional flat. 

We do not know whether this result is sharp: we have no example of an SG 
configuration that spans P 3 (H). 

In Sections^ and we prove Theorems |2 and |21 respectively. We discuss the 
proof of Theorem n in detail in Section [«3 since it forms the basis of the proofs 
of Theorems |21 and In the next section we discuss the mathematics needed 
for the above proofs. 

2 Notation and definitions 

We consider the (fc + l)-dimcnsional subspaces of B™ +1 to be the fc-dimensional 
flats of the n-dimensional projective space P"(B) over a division ring B in the 
usual way. When passing to the affine space B" we use barycentric coordinates, 
i.e., we take the hyperplane at infinity of P n (B) to correspond to J2p=l x p — 
in B n+1 , and the coordinates of a point P not at infinity to be the coordinates of 
the intersection of the hyperplane X)p=i x p ~ 1 with the 1-dimensional subspace 
of B" +1 corresponding to P. To each P"(B) we may associate its dual P"(B)*, 
with a duality map taking fc-flats in P"(B) to (n - 1 - fc)-flats in P"(B)*. In 
particular, the dual of a point is an (n— l)-flat or hyperplane. When constructing 
the dual we let B n+1 be the right vector space of column vectors over B. Then 
P"(B)* is the projective space coming from the dual (B" +1 )*, which is the left 
vector space of row vectors over B. See [5] for more on projective spaces. 

By duality we may associate with any SG configuration S its dual SG con- 
figuration § in the dual projective space. A dual SG configuration in P"(B) is 
then a finite set of hyperplanes such that for any distinct IT , II2 G S there exists 
II3 G § such that III, II2, II3 are distinct and III n II2 D II3 is an (n — 2)-flat. 

We use the usual representation a — t + xi + yj + zk = t + v for a quaternion, 
with v a vector in R 3 . We let |a| denote the norm of a, and a* = t — v its 
conjugate. We consider the n-dimensional vector space EP to be the space of 
column vectors, with scalar multiplication from the right, and thus the action 
of linear transformations as matrix multiplication from the left. 
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It is well-known that H can be represented in the ring of 2 x 2 complex 
matrices, by identifying a + bi + cj + dk = (a + bi) + (c + di)j with 

a + bi —c + di 
c + di a — bi 

If we replace each entry a pq of an n x n matrix A with quaternion entries by its 
corresponding 2x2 complex matrix, we obtain a In x In complex matrix Ac- 
The Study determinant of A is then defined by 

Sdet(A) = det(Ac)- 

See pQ for an exposition. The Study determinant is a non-negative real number. 
It is multiplicative: Sdet(AB) = Sdet(A) Sdet(fl). Hence Sdet(A) > if A is 
invertiblc. The Study determinant of the lxl matrix [a] is Sdetfa] = \a\ 2 . 
We let (•, •) denote the standard inner product in W l . 

3 Proof of Theorem [T] 

We review a known 1 proof of the Sylvester-Gallai theorem (Theorem . It is 
sufficient to prove the case n — 2, since if there is an SG configuration S spanning 
a flat of dimension more than two, we may choose three points a,b,c 6 S 
spanning a 2-flat II, and then S'nll is again an SG configuration in the projective 
plane II. Thus we assume that we have an SG configuration S spanning P 2 (R). 

Let S be its dual SG configuration. Then H/gs ' = Choose a line at 
infinity that is not one of the lines in § and does not pass through any point 
of intersection of two lines in S. Then in the affine plane obtained by removing 
the line at infinity, S is a dual SG configuration of mutually non-parallel lines. 

Since § does not have a common point, § contains some three non-concurrent 
lines determining a triangle. Among all such triangles, choose one of minimum 
area. Let the lines of this triangle be ^1,^2,^3- For any i,j £ {1,2,3} with 
i < j, there is a third line 1^ G 8 passing through the intersection point of 
and £j. Then we obtain a contradiction from the following result, which is a 
reformulation of a well-known geometric inequality first published by Debrunncr 
0|; see also See inequalities 9.1, 9.2 and 9.3] for a discussion of this and 
related inequalities. 

Lemma 1. One of the nine triangles 

hilih hhih Wis 
IMz hhzh W23 

Illl2ll 3 *12443 ^13^23^3 

1 Known, but hard to locate in the literature. . . One of us (Elkies) recalls reading, around 
1980, a version of this proof in which Lemma is proved by reducing to the case that A is 
equilateral and using the largest angle of the circumscribing triangle to obtain another triangle 
of equal or smaller area, as in 0. But we cannot find a reference for this argument. Several 
proofs use the dual line configuration §, but then conclude by applying either Euler's formula 
or the order properties of R, neither of which can be used over C or EL 
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Figure 1: Area(Ai) < Area(A) for some i 

has area at most that of triangle £\&2&3- Furthermore, if none of them has area 
strictly less than that of triangle £i£2^3, then we must have parallel lines i\ || £23, 
t 3 \\ti3, and £ 3 \\h2- 

See Figure n I n order to make the next two proofs easier to read, we now 
prove this lemma in a complicated way. 

Proof of Lemma^] We identify the affine plane with the plane x\ + X2 + £3 = 1 
in R 3 . Then £i has equation xi = 0, and the vertices of the triangle ^1^3 are 
Pi = [1,0, 0] T , P 2 = [0,1, 0] T , P 3 = [0,0, 1] T . Since P k £ £ tj when k ^ i and 
k =/= j, the line has an equation of the form axi + [3xj = for some a,f3, 
with a, f3 ^ since 7^ £i,ij- We now set tji = lij. Then for any distinct i, j, 
we can write the equation of £ij as aijXi + x ■ = 0, where 

ctijCtji = 1 for all distinct i,j G {1, 2, 3}. (1) 

Note that for each permutation (i, j, k) of {1, 2, 3} we have ctij — 1 if and only 
if % || 4. 

We now consider the areas of the different triangles. It is easily seen that the 
area of a triangle with vertices P, Q, R is |det[P, Q,R]\. Using the equations 
of the lines of triangle ^1^12^3, we compute that its vertices P[ — £12 H £3, P'^ = 
£\ n £3, P3 = £\ n €12 have coordinates 

Pi - [(1 - a 12 )-\ -a 12 (l - a^)- 1 , 0] T , P^ = P 2 , P3 = ^ 3 , 

whence |det[P[, Pj, P3] | = |1 — ai 2 |~ 1 . Since det[Pi, P 2 , P3] = 1, the assumption 
that £^£3 has area no larger than £1^12^3 implies |(1 — ai2) _1 | > 1, that is, 

|l-aia| < 1- 

Likewise, by calculating the area of £\£\2£\3 we find that this triangle has area 
less than or equal to the area of £^£3 if and only if 

|1 - a 12 - a 13 \ < 1. 

By permuting indices we obtain the following 9 inequalities in the 6 real variables 

OLif. 

|1 — ot%j\ < 1, hi distinct; (2) 
|1 — aij — &ik\ < 1, i,j, k distinct. (3) 
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Figure 2: Skew triangular lattice 



By (J2J, all Oiij > 0. By Q and the AGM inequality, a y - + <x/i > 2, with equality 
if and only if cty = ctjj = 1. Summing over the three pairs {i, j}, we deduce 

a « - 6 - 

On the other hand, from we obtain + a,-fc < 2. Summing over all i we 
obtain 

Therefore, a ij = 6, and we conclude that all — 1, implying that lij \\ £k 

for each permutation k) of {1, 2, 3}. □ 

This finishes the proof of Theorem ^ □ 

A slightly different and harder, but more suggestive, proof could be obtained 
even if we did not choose the line at infinity so that no two lines of § are parallel. 
Then Lemma^would not immediately yield a contradiction, but we could apply 
it again to each of the triangles of Figure 2] to obtain yet more parallel lines 
in §. Proceeding inductively, we would find that 8 contains the line Xi = m for 
each i £ {1,2,3} and m £ Z. See Figure [21 This is a contradiction because § 
must be finite — though the infinite family of lines Xi — m is locally finite and 
does satisfy the dual SG incidence condition: no point in the plane is contained 
in exactly two of these lines. Up to affine linear transformation, this is thus the 
unique such configuration with a triangle of minimal area. 

There are two known relatives of Lemma [I] 3, inequalities 9.2 and 9.3], 
one where area is replaced by perimeter, and the other by the inradius of the 
triangle. These two related inequalities may be used in the same way as Lemma^ 
to deduce Theorem ^ 
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4 Proof of Theorem [IZ] 



We argue as in the proof of Theorem ^ It is again clearly sufficient to prove 
the case n = 3. As before, we dualize. Let S, then, be a dual SG configuration 
in P 3 (C) with empty intersection, and as before we choose the plane at infinity 
to be one not in 8 and not containing any line of intersection of two planes in 
S. Then in the resulting affine space, which we identify with the hyperplanc 
+ = 1 in C 4 , the configuration 8 consists of pairwise non-parallel 

planes. By hypothesis, 8 contains at least one four-tuple of planes III, 1T2, II3, II4 
with empty intersection. We call any four such planes a tetrahedron with ver- 
tices Pj = f] k ^jTl k , j = 1,2,3,4. As before, we may compare "volumes" of 
tetrahedra, where we now define the volume of a tetrahedron 111112113114 to 
be |det[Pi, P2, P3, Pi]|- (The "volume" could be defined to be some constant 
positive multiple of this determinant, without changing the argument, as the 
factor V3/2 had no effect in our proof of Lemma Q m P 2 (1R).) Fix a tetra- 
hedron ilin^IlsIL of minimum volume, and choose coordinates Xi,X3,X3,X4 
so that the vertices Pj of this tetrahedron are the standard unit basis vectors 
[Sji, Sj2, 6j3, Sj4] T of C 4 . Now II j has equation Xj — 0. By the multiplicativity 
of determinants, nill2n3n4 remains a tetrahedron of minimum volume, which 
is now I. 

For any j, k £ {1,2,3,4} with j < k, choose a plane lijk in 8 with IF, n 
C n^fc. Then Iij k has an equation aXj + (3x k — with a, (3 ^ 0, since 
P m £ Tljk for all m ^ j,k and Tljk ^ Tlj, Ilk- Thus we may write this equation 
as Xj + ajkXk = 0, and the equation of := Tljk as Xk + ctkjXj — 0, where 

ctjkOikj = 1 for all distinct j, k 6 {1, 2, 3, 4}. (4) 

We now compare the volume of n 1 n 2 n3ll4 to the volumes of other tetrahedra. 
For example, nin^ILjILj has vertices P[, P' 2l P3, P4, where 

P[ = [(l-a 1 2)- 1 ,-a 12 (l-ai2)- 1 ,0,0] T , P^ = P 2 , P^ = P 3 , P{ = P 4 . 

Then |det[P{,P^,P^,P^]| = |(1 - ai 2 ) _1 |, and we obtain as before 

|1 — <*ia| < 1. 
By considering nin^nisLLj we obtain 

|1 - a 12 - a 13 | < 1, 
and by considering Ilini2lli3ni4, 

|1 - ai2 - «i3 - au\ < 1. 

Permuting the indices, we obtain the following 28 inequalities in 12 complex 
variables: 

|1 - ajfc| < 1, j,k E {1,2,3,4} distinct, (5) 
|1 - oc jkl - a jk2 \ < 1, j,h,k 2 distinct, (6) 
|1 - a ]kl - a ]k2 - a jk3 \ < 1, j, h,k 2 , h distinct. (7) 
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Let p — e 27 ™/ 3 = (—1 + iv3)/2, a primitive cube root of unity, so p — p 2 . We 
shall show: 

Lemma 2. Complex numbers ajk (j,k £ {1,2,3,4} distinct) satisfy (@J, |J5J, 
(0, a?id if and only if the equations 

"13 = "31 = "24 = "42 = L 
"12 = "23 = "34 = "31 = ~P; 

au = a 43 = a 32 = a 21 = —p 
hold after permutation of the indices 1,2,3,4. 

This will suffice to prove Theorem [21 because ot\ 3 — a 24 — 1 implies that 
IIi3 and II24 are parallel, a contradiction. 
We now prove the lemma. 

Proof of Lemma\^ By (@J, we have as before |"jfe| + \&kj\ > 2 with equality if 
and only if \(Xjk\ — L Summing over j, fc, we obtain 



^2\a jk \ >12. 



We next prove that the sum is also bounded above by 12 by giving an upper 
bound on Yljjtk \ a jk \ f° r each j. 

Lemma 3. Suppose ai,a 2l a 3 6 C satisfy 



"1 



< 1, for all S C {1,2,3}. 



Then X) n =i l a ™l — ^> w ^ eaua ^U if an d on ^U if {"ii "2, "3} = {1, —p, ~p}- 
It will follow, from JSJ, ©, and (JJJ and Lemma that 

3 



X>ifc| < 12. 

Thus equality holds, and again by Lemma EJ {"jfc : k 7^ j} = {1, — p, — p} for 
each j = 1,2,3,4. Keeping in mind that otjk = aj^- , we obtain the Oj-fc values 
claimed in Lemma [5] □ 

It remains to prove Lemma [3J 

Proof of Lemma\^ Since |1 — a n \ < 1 for each n, the a n lie in the half plane 
Re(z) > 0, with Re(a,i) > unless a n — 0. Thus we may assume that the a n 
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Figure 3: Proof of Lemma |3| 



are indexed so that if none of them vanishes then a 2 lies in the angle <ai0a3 
determined by a\ and a^. The given inequalities then imply that 

0, ai, ai + a 2 , ot\ + a 2 + a 3 , a 2 + a 3 , a 3 

are the vertices (in this order) of a possibly degenerate hexagon with perimeter 
2^ =1 \a n \ contained in the disc \z — 1| < 1. See Figure|3| However, it is easy 
to see that a hexagon contained in a circle of radius 1 has perimeter at most 6, 
with equality if and only if the hexagon is regular and inscribed in the circle. 
The lemma now clearly follows. □ 

This finishes the proof of Theorem □ 

Again we could have proved Theorem even if we allowed the plane at in- 
finity so as to allow parallel planes in §. Then Lemma |21 would yield several 
tetrahedra with the same volume as IT 112113114, and iterating the argument 
produces an infinite (though locally finite) set So C S, contradicting the require- 
ment that S be finite, though So does satisfy the dual SG incidence condition. 
This configuration So is more easily described in affine rather than barycentric 
coordinates for C 3 . Let £ = Z © Zp, the Eisenstein ring of algebraic integers in 
Q(p). Then So can be identified with the set of lines in C 3 of the form 

X\ — p C X2 = TO, X2 — p C Xz — TO, Or X3 — p C X\ = TO 

with c S {0, 1, 2} and to G £. For example, if x\ — p c x 2 = to and x 2 — p c X3 = m' 
then X3 = p~ c ~ c xi — p~ c (to' + p~ c m), and if X\ — x 2 = to and X\ — px 2 = to' 
then xi —px 2 = — pm — p 2 m! ' . As in IR 2 , we see that every configuration of planes 
in C 3 that satisfies the dual SG incidence condition and has a tetrahedron of 
minimal volume is equivalent to So under some affine linear transformation 
of C 3 . 
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5 Proof of Theorem [3] 



It is sufficient to consider the four-dimensional case. Dualizing the finite SG 
configuration spanning P 4 (H), we obtain a finite collection § of hyperplanes 
with empty intersection, and with the property that any two-dimensional flat 
in which two of the hyperplanes in § intersect, also contains a third hyperplane 
from §. We call any five hyperplanes III, II2, II3, 1T4, 1T5 with empty intersection 
a simplex. The vertices of such a simplex are the five points Pi = Hj^i » 
i = 1, . . . , 5. Since all hyperplanes in § have empty intersection, S contains at 
least one simplex. Choose any hyperplane n,^ at infinity avoiding the vertices 
of some simplex in S. We now define the measure of a simplex Hi . . .II5 to be 
the Study determinant of their vertices, i.e., 

F(n 1 n 2 n 3 n 4 n5) := Sdet[p l5 p 2 , p 3 , p 4 , p 5 ] 

if all P p $l IIoo, 1 < p < 5, and V(nin 2 113114115) := 00 otherwise. We now fix 
Oi . . . II5 to be a simplex of minimum measure, with vertices Pi, . . . , P5. (By 
the choice of IIoo , there is at least one simplex of finite measure. In fact we could 
have chosen any IIoo; by the assumptions on §, there will always be a simplex 
of finite measure. Later we show that IIoo can be chosen so that all of those 
simplices have different measures, and use such a choice to conclude the proof.) 
We now change coordinates by a basis change in H 5 , by letting each Pj become 
the point associated with the 1-dimensional subspace of H 5 generated by the 
standard unit vector e p = [S p i, . . . , <5 p s] T , and letting IIoo become the hyperplane 
associated with the 4-dimensional subspace of H 5 with equation ^p=i x p = 0- 
That is, we now use barycentric coordinates with respect to Pi, . . . , Pg. Because 
the Study determinant is multiplicative, IIi . . . n5 still has minimum measure. 
Furthermore, ^(ni^II^ng) = 1. 

By the condition on S we may choose, for each p,q & {1, 2, 3, 4, 5} with p < q, 
a hyperplane H pq ^ U p , Ii q such that H p D H q C n pg . Because P r € H pq for all 
r =/= p,q but H pq 7^ lip, n g , the equation of Ti pq may be written as 

c^p q Xp ~\~ x q 

for some non-zero a pq € EL We now set Tl qp = n pg , and we can write its 
equation as a qp x q + x p — if we set 

a q P = a pq . (8) 

We now calculate the measures (all of which must be > 1) of each of the 
following simplices: 

1. n 1 n 12 n 3 n 4 n 5 , 

2. n 1 n 12 n 13 n 4 n 5 , 

3. iiiiiisnisnuiis, 

4. n^n^n^iTs. 



9 



We consider the first case. Let IT^ = n p for all p ^ 2, and W 2 — U 12 . Let 
P p = flg^p for all p. Then we calculate that 

P{ = [(1 - a 12 )-\ -aia(l - on)" 1 , 0, 0, 0] T 
and = e p = P p for each p> 2. Then 

y(nin^n^) = sdet[p^p^p^,Pi,p 5 '] = |(i -c^r 1 ! 2 > 1, 

whence 

|l-aia| < 1. 

(In the case where P[ is at infinity and V = oo we have 1 — an = 0, and the 
above inequality is satisfied trivially.) 

Similarly, when doing the other cases, we obtain the following inequalities: 

1. |1 - osial < 1, 

2. |1 - a 12 - a 13 \ < 1, 

3. |1 - au - ai3 - au| < 1, 

4. |1 - a X i - «i3 - axi - < 1- 

By permuting indices we obtain 75 inequalities in total: 

1 1 — a pq I < 1 (20 inequalities) (9) 

|1 — ct pq — a pr \ < 1 (30 inequalities) (10) 

|1 — otpq — a pr — a ps \ < 1 (20 inequalities) (11) 

|1 — ctp q — a pr — a ps — a p t\ < 1 (5 inequalities) (12) 

for any distinct p, q, r, s, t £ {1, 2, 3, 4, 5}. 
We now prove the following: 

Lemma 4. Assume a pq £ H (p,q £ {1, 2, 3, 4, 5} distinct) satisfy ©■ ffTTTf) . 
I|ll|) . and l|12ll . TTien eac/i a pg = 1/2 + u ps , where the vectors v pq satisfy 

Vpq — Vqp? (1^) 

(v pq ,v pq ) = 3/4, (14) 
(v pq ,v pr ) = -1/4, (15) 

for all distinct p,q,r £ {1,2,3,4,5}, and equality holds in all of (0, IjlQI) . (II II) . 
and (|12fl . ^ other words, for each p — 1, ... ,5 the set {v pq : q ^ p} comprises 
the vertices of a regular tetrahedron inscribed in the sphere of radius about 
the origin o/M 3 . 
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Proof. It follows from (JSJ and the AGM inequality that 

\a pq \ + \a qp \ > 2, with equality if and only if \a pq \ = \u qp \ — 1. (16) 

Therefore, q . p -t q \&pq\ > 20, with equality if and only if each a pq is a unit 
quaternion. 

On the other hand we obtain an upper bound from the following lemma: 
Lemma 5. Let [3 P € M,p = 1, 2, 3, 4, satisfy 

-J2Pp - 1 for all AC {1,2,3,4}. (17) 

Then X^p=i — 4, with equality if and only if each (5 p = 1/2 + v p , where 
(v p ,v p ) = 3/4 and (v p ,v q ) = —1/4 /or all distinct p, q, in which case we also 
have equality in each instance of i|17|l . 

It will follow, by applying Lemma[S]to {a pq : q ^ p} for each p £ {1, . . . , 5}, 
that X) p,q:p ^ q \ a pq\ — 20. Thus we have equality, and again by Lemma we 
obtain jl4j, JT5J), and equality in 10, (JTUJ), HTJ), JT2J), and lO. Since the a P9 
are now unit quaternions, we obtain (|13fl from a qp = a pq = a* q . □ 

Proof of Lemma\^ In this lemma we use only the additive structure of the 
quaternions, so we may consider the (3 P to be vectors b p e R 4 . The given 
condition (|1 T|) implies that the vertices of the parallelotope 



hence the whole P, is contained in the ball of radius 1 about [1,0,0, 0] T . The 
conclusion is equivalent to the statement that the sum of the lengths of the four 
edges of P emanating from the vertex o (the origin of M 4 ) is at most 4, with 
equality if and only if the b p form an orthonormal basis of R 4 . Therefore the 
Lemma follows from the following slightly stronger statement: 

If P is a parallelotope in R 4 contained in a ball B of unit radius, the 
sum of the lengths of the four generating vectors of P is at most 4, 
with equality if and only if P is a hypercube inscribed in the ball 
(and then necessarily of side length 1). 

We now prove this statement. Without loss of generality we may assume B is a 
unit ball about o. Let c be the centroid of P. Clearly — P, a parallelotope with 
centroid — c, is also contained in B. Since P is centrally symmetric, —P is also 
a translate of P. Since B is convex, we may translate P continuously along a 
straight line to —P, with the translate staying inside B. The centroids of these 
translates lie on the segment joining c and — c, hence one of these translates has 
centroid o. Thus we have reduced the problem to parallelotopes with centroid o. 

Assume now that P has centroid o. Let a p = ^b p for each p. It is then 
enough to prove the following: 
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If ||X)p=i iotpH < 1 f° r all 2 4 possible signs, then Y^t=i \\ a p\\ — 2, 
with equality if and only if the a p are pairwise orthogonal and each 
of norm 1/2. 

Indeed, if we sum 

4 4 

(^2 £ p a p^ £ q a q) < h (ei,e 2 ,£3,£i) G {±1} 4 , (18) 

p=l g=l 

over all 16 sign sequences, we obtain lGJ2p=i l! a pll 2 — 16, whence the required 
Ylp—i 1 1 1 1 < 2 follows by the Cauchy-Schwarz inequality. 

Equality forces equality in Cauchy-Schwarz, giving that all a p have the same 
norm |a ; ,| = 1/2, and equality in (JTSJ, giving (a p ,a q ) = for all distinct 
p,q. □ 

We have not quite completed the proof of Theorem [3J we have shown that 
the minimal simplex is not unique, but not that one of its faces is parallel 
to another hyperplane in §. But uniqueness suffices, because we could have 
chosen IIoo so that no two simplices in 8 have the same measure unless that 
measure is infinite. To see this, note that there are finitely many pairs {£, £'} of 
distinct simplices in §, and consider for each pair the set ff(£, £') of hyperplancs 
n c P 4 (H) such that £ and £' have the same measure when II is chosen as the 
hyperplane at infinity. If we represent II using the five homogeneous coordinates 
on the projective space dual to P 4 (H), and expand each of these quaternions 
in its four real coordinates, then the condition that II £ H(T,, £') becomes 
a polynomial equation in these 5x4 real variables. Hence the union of our 
finitely many subsets if (£, £') must have nonempty complement unless one of 
those polynomial equations is satisfied identically. But then H (£, £') would 
consist of all the hyperplanes in P 4 (H). This is absurd: since £ ^ £', some 
P £ P 4 (H) is a vertex of £ but not of £'; and if II contains P but none of the 
other vertices of £ and £' then £ has infinite measure while the measure of £' 
is finite, so II ^ H (£,£'). Therefore we may choose IIoo outside the union of 
our sets -ff(£, £')■ The minimal simplex is then unique, and applying Lemma^] 
to it yields a contradiction. Our proof of Theorem |3| is now complete. □ 

Unlike the situation in K 2 and C 3 , in H 4 there can be no infinite, periodic, 
locally finite configuration of hyperplanes satisfying the dual SG condition. We 
can show this by choosing a simplex 0^211311405 of minimal measure and 
checking that, for any arrangement of hyperplanes around this simplex and the 
simplices n 1 n 1 2n 3 n 4 n5 and n 1 n 2 n 1 3n4n 5 of the same measure, the criteria of 
Lemma 0] must fail for at least one of these three simplices. That computation 
also gives an alternative way to deduce Theorem |3| from Lemma 0J 

There is still a unique local configuration around nin2n3n4n5, analogous to 
those of Lemmasnand|2 that attains equality in each of the 75 inequalities ©, 
l(TU|) . {nj, and It can be shown that (O, {H}, and ^3 together imply 

that the 20 vectors 1) 'pq <irc the vertices of a regular dodecahedron! Starting from 
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a regular dodecahedron inscribed in the sphere of radius v3/2 about the origin 
of R 3 , we obtain 20 unit quaternions by adding 1/2 to each vertex; there is then a 
unique way, up to permutations of {1, 2, 3, 4, 5}, to set each of these quaternions 
equal to a pq for some distinct p,q G {1,2,3,4,5} so that a pq + a qp = 1 and 
\a pq — a qr \ = 1 for all distinct p,q,r G {1, 2, 3, 4, 5}. Then equality holds in each 
of ©, JTJJl, ijnj, and In R 2 and C 3 , such a unique local configuration led 
us to an infinite set of lines or planes satisfying the dual SG incidence relation 
with a minimal triangle or tetrahedron. What is the unique local configuration 
in H 4 hinting at? 

References 

[1] H. Aslaksen, Quaternionic determinants, Math. Intelligencer 18 (1996), 
no. 3, 57-65. 

[2] P. Borwein and W. O. J. Moser, A survey of Sylvester's problem and its 
generalizations, Aequationes Math. 40 (1990), 111-135. 

[3] O. Bottema, R. Z. Djordjevic, R. R. Janic, D. S. Mitrinovic, and P. M. 
Vasic, Geometric inequalities. Wolters-Noordhoff Publishing, Groningen, 
1969. 

[4] H. Debrunner, Problem 260, Elem. Math. 11 (1956), 20. 

[5] P. Erdos, Personal reminiscences and remarks on the mathematical work 
of Tibor Gallai, Combinatarica 2 (1982), 207-212. 

[6] F. Hirzebruch, Arrangements of lines and algebraic surfaces, in Arithmetic 
and Geometry, Vol. II, Birkhauser Boston, Mass., 1983, pp. 113-140. 

[7] L. M. Kelly, A resolution of the Sylvester-Gallai problem of J. -P. Serre, 
Discrete Comput. Geom. 1 (1986), 101-104. 

[8] John Rainwater, P. H. Diananda and Anders Bager, Solution to Advanced 
Problem 4908, Amer. Math. Monthly 68 no. 4 (1961), 386-387. 

[9] P. Samuel, Projective geometry. Springer- Verlag, New York, 1988. 

[10] J.-P. Serre, Advanced Problem 5359, Amer. Math. Monthly 73 no. 1 (1966), 
89. 

[11] R. Steinberg, Solution to Problem 4065, Amer. Math. Monthly 51 (1944), 
169-171. 

[12] J. J. Sylvester, Educational Times 46, No. 383, 156, March 1, 1893. 



13 



